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Abstract 
Mart&E, D., R. Scapellato and N. Zagaglia Salvi, Generalized Cayley graphs, Discrete 
Mathematics 102 (1992) 279-2S5. 
We introduce the concept of generalized Cayley graphs and study their properties, in particular 
relative to double coverings of graphs. 
1. Introduction 
All groups and graphs considered in this paper are assumed to be finite. For the 
group and graph theoretic terms not defined here we refer the reader to [5] and 
PI. 
If @ is a permutation group on a set X, then the stabilizer of YE X in @ is the 
set of all Q, E C-D such that q(Y) = Y. 
Let X be a graph with vertex-set V. If two vertices u, Y in V are adjacent, we 
shall write u - w in X (or simply z4 - w if the graph in question is clear from the 
context). By B(X) we shall denote the double covering of X (see [3]): the 
vertex-set of B(X) consists of a bipartition {V, V’} where V, V’ are sets and 
there is a bijection p: V+ V’; two vertices u E V, p(w) E V’ are adjacent if and 
only if u - w in X. It is easily seen that Aut B(X) contains a subgroup isomorphic 
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to Aut X x Z2. If Aut B(X) is isomorphic to Aut X x Z2 we say that the graph X 
is stable. This concept was studied in [3], where we obtained a matrix-theoretical 
characterization of stable graphs. 
Of course, if a graph X is to be stable, then both X and B(X) must be 
connected. Hence disconnected graphs and acyclic graphs are trivial examples of 
unstable graphs. In this paper we explore the relationship between a graph and its 
double covering a little further. Searching for examples of unstable graphs we 
introduce the class of generalized Cayley graphs and prove, among others, that if 
the double covering B(X) of a graph X is connected, then it is a Cayley graph 
(see [l] for the definition) if and only if X is a generalized Cayley graph (Theorem 
3.1). 
Moreover, we also show that every generalized Cayley graph which is not a 
Cayley graph is unstable (Proposition 3.3). This result enables us to construct an 
infinite family of nontrivial unstable graphs. Generalized Cayley graphs are a 
special case of quasigroup graphs and a necessary and sufficient condition for 
connectedness of generalized Cayley graphs is given in terms of the corresponding 
quasigroups (Proposition 3.5). 
Finally, we prove that the generalized Cayley graphs arising from inner 
automorphisms are always Cayley graphs (Proposition 3.6). 
2. Preliminaries 
If V is a finite set, we let Sym(V) denote the group of all permutations of the 
set V. If W G V and f E Sym(V) fixes W set-wise, we let f 1 W denote the 
restriction off to W. 
Let V’ have the same cardinality as V and let p : Y H 2r’ be a bijection from V 
to V’. If f:V+V and g:V’-,V’ are any two maps, we define the maps 
f’: V’+ V’ and g: V-, V as follows: 
f’(u’) = /3of(v) and ‘g(v) = p-‘og(v’) for U E V, 21’ E V’. 
Lemma 2.1. Let t: be the stabilizer of V in Aut B(X). The map 
7& :E+ Sym(V) X Sym(V) 
defined by t# : 0~ (f, g), where f = B 1 V and g = ‘((T ) V), is a homomorphism. 
Moreover, v(Z) = {(f, g) E Sym(V) X Sym(V): u - w in X implies f(u) -g(w) in 
X1. 
Proof. Clearly, ~JJ is a homomorphism. Let o E ,YZ and let u - w in X. Then u - w’ 
in B(X) which forces a(u) - a(~‘) in B(X) and so f (u) -g(w) in X. Conversely, 
if u - w implies f (u) -g(w) for any two adjacent vertices u, w in V, then 
alV=f and ‘(aIV’)=g (1) 
defines a permutation o of V U V’ which belongs to 2. 0 
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We shall now introduce the concept of generalized Cayley graphs. Let G be a 
group, A be a subset of G and (Y be an automorphism of G such that the 
following conditions are satisfied: 
(i) (u’=l, 
(ii) if g E G, then cu(g-‘)g $A, 
(iii) if f, g E G, then a(f-r)g E A implies cr(g-‘)f E A. 
The generalized Cayley graph X = GC(G, A, (Y) of G with respect to the 
ordered pair (A, a) has the vertex-set G and f -g if and only if cu(f-‘)g E A. 
Note that (iii) implies (Y(A-‘) =A (by letting f = 1) and so a(A) =A-‘. 
Moreover, in view of (i), the converse is also true. Namely, if a(A-‘) = A, then 
cu(f-‘)g E A implies f-la(g) E a(A) = A-’ and so cr(g-‘)f = (f-la(g))-’ E A. 
Of course, by choosing (Y = 1 one gets Cayley graphs. Moreover, by weakening 
the conditions (i)-(iii) above, one can obtain other kinds of digraphs or 
multigraphs; our particular restriction on a is motivated by our main result, 
Theorem 3.1, which characterizes graphs whose double coverings are Cayley 
graphs. 
3. Main results 
If X is a connected graph, but B(X) is not connected, it is known that X is 
bipartite and that B(X) splits into two connected components, both isomorphic to 
X. Therefore, B(X) is a Cayley graph if and only if X is. Concerning the case of 
B(X) connected, we have the following. 
Theorem 3.1. Let X be a graph. Zf B(X) is connected, then B(X) is a Cayley 
graph if and only if X is a generalized Cayley graph, 
Proof. Let us first assume that B(X) is a Cayley graph, let Qi be a regular 
subgroup of Aut B(X) and let 2 be the stabilizer of V in Qi. Since B(X) is 
connected, one sees that the index of 2 in @ is 2 and the group _Z has two orbits, 
V and V’. The inner automorphism of Sym(V U V’), induced by the map which 
interchanges 21 and u’, for each u E V, fixes 2 set-wise. Hence its restriction p to 
Z is an automorphism of _Z of order 2. 
Let G = {a 1 V: u E 2). Clearly, the regularity of @ implies that the map 
i:,Y+G defined by o*a[ V is an isomorphism. Therefore a:=iop oi-’ ’ is an 
automorphism of G of order 2. Note that, in view of (l), LY(U 1 V) = ‘(a 1 V’), for 
each u E Z. By Lemma 2.1, we have, for all U, w E V and all f E G, 
u - w * f(u) - (4f ))(w). (2) 
Since the action of G on V is regular, we may identify V and G and think of the 
latter as its own left regular representation. Thus the pair of maps (f, a(f)) 
consists of u -*fv and u H a(f)v. 
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Let A be the set of neighbors of 1. If u, w E V and u - w, then, by (2), 
1 = u-% - (Y(u-l)w. Hence cu(u-l)w E A. Conversely, if 1 - (Y(u-l)w, then, by 
(2) 
u - a(u)a(u-‘)w = &u-l) = a(l)w = w. 
This proves that X = GC(G, A, a). 
Assume now that X = GC(G, A, a) is a generalized Cayley graph. We may 
identify the vertex-set V of X with G. Let u and w be adjacent vertices of X and 
let g E G. Then, 
cr((gu)-‘)a(g)w = cY(u-‘)a(g-‘)a(g)w = o(u-‘)w E A. 
Hence gu - a(g)w. Then, in view of Lemma 2.1, there exists a subgroup & of 
Aut B(X) whose image under the homomorphism I/J, defined in Lemma 2.1, is 
{(g, q(g)): g E G}. Clearly, I&l = JG(. Let y E Sym(V U V’) interchange v and IJ’ 
for each IJ E V. Clearly, y E Aut B(X). Moreover, y normalizes & since 
y-%-‘(g, a(g)) = +-$x(g), g). Th us the group (&,, y) has exactly 2 (VI 
elements and acts transitively on V U V’. This proves that B(X) is a Cayley 
graph. 0 
As mentioned in the previous sections, every Cayley graph is also a generalized 
Cayley graph. The converse is not true, as our next result shows. 
Let X(n), n 2 3, denote the generalized Cayley graph GC(Z, x Z,, A, a), 
where A = ((1, 0), (0, IZ - l), (1, l), (n - 1, n - 1)) and (Y : (j, k) H (k, j) for 
j, kEZ,. 
Proposition 3.2. The graph X(n), n 2 3, is not vertex-transitive. 
Proof. Suppose first that n = 3. Then the vertices (O,O), (1, l), (2,2), (0, l), 
(1,2), (2,O) are contained on three triangles and the vertices (1, 0), (2, l), (0,2) 
are contained on two triangles only (see Fig. 1). Hence X(3) is not vertex- 
transitive. 
Suppose now that n 2 4. The neighbor-set of vertices (0,O) and (1,O) are A and 
(0, 1)A = ((0, O), (1, I), (1, 2) (n - 1, O)}, respectively. Since (1,0) - (1, 1) and 
(2,2) - (0, n - l), it follows that (0,O) is contained on two triangles. On the 
other hand, (0,O) and (1,1) are the only adjacent vertices in (0,l)A. Therefore 
(1,0) is contained on one triangle only. 0 
Our next result shows the close relationship between generalized Cayley graphs 
and unstable graphs. 
Proposition 3.3. Let X be a generalized Cayley graph. If X is stable, then it is a 
Cayley graph. 




Proof. Let V be the vertex-set of X. Let Z be the stabilizer of V in Aut B(X): it 
has index 2 in Aut B(X), since X is stable. By Theorem 3.1, B(X) is a Cayley 
graph. Let r be a regular subgroup of Aut B(X). Then 2 fl r has index 2 in r, 
with orbits V and V’. The restriction of 2 n r to V defines a homomorphism 
from .E fl r to Aut X. Regularity of r (and thus semiregularity of 2 fl r) implies 
that the image of this homomorphism is a regular subgroup of Aut X. Hence X is 
a Cayley graph. 0 
Propositions 3.2 and 3.3 together imply the following. 
Corollary 3.4. The graphs X(n), n 2 3, are unstable. 
Of course, the graphs X(n), n 2 3, are not acyclic. To see that they are 
nontrivial examples of unstable graphs, we need to show that they are also 
connected. This can be verified directly. It will follow also from a simple 
observation on quasigroup graphs below (Proposition 3.5). Namely, generalized 
Cayley graphs are a special case of quasigroup graphs (see [4]), where the 
quasigroup operation * is defined by f* g = a(f)g. 
Let (Q, *) be a quasigroup. A subset A of Q is said to be a left generating set of 
Q if for each u E Q there are aI, a*, . . . , a,,, EA such that u = (. ‘-(a,*aJ* 
a3) * * .)*a,. 
Proposition 3.5. Let G be a group, A 5 G and LX E Aut G have order 2. The 
generalized Cayley graph X = GC(C, A, a) is connected if and only if A is a left 
generating set for (G, *) where f * g = a(f)g for all f, g E G. 
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Proof. Let us first assume that X is connected. Let A, be the set of all products 
oftheform(~~~(a,*~~)*u~)~~~)*a,, (a, E A). To see that A is a left generating 
set for (G, *) it suffices to show that (since X is connected) neighbors of elements 
from AL are also in AL. Let f E AL and let g -J Then a(f-‘)g E A and so 
g E a(f Clearly cr(f)A = {f* a: a E A} GA,. 
Suppose now that A is a left generating set for (G, *). For each g E G\{ l}, 
define the length A(g) to be the smallest m such that there are a,, u2, . . . , a, E A 
with g = (a. . (ul*u2)*u3). . .)*a,. We show that each f E G is in the connected 
component of 1. If A(f) = 1, this is true. Let A(f) > 1. Suppose, by induction on 
A(f), that this is true for elements of G of length less than A(f). There are a E A 
and g E G\(l) with A(g) = A(f) - 1 such that f = g * a. Since a E A, we have 
g - cY(g)u = g * a = f. Therefore f is in the connected component of 1. 0 
As an immediate consequence of Proposition 3.5 we have that the graphs 
X(n), n L 3, are connected and therefore, in view of Corollary 3.4, nontrivial 
unstable graphs. 
Note that the condition that A is a left generating set for (G,*) implies that 
G = (A) (both as a group and as a quasigroup of course). Namely, each element 
of G is a product of elements of A U a(A) = A U A-‘. The converse is not true. 
Let G = Z,, x Z,, n 2 3, let A = ((1, 0), (0, n - 1)) and (Y: (j, k) H (k, j) for all j, 
k E 27,. Then G = (A), but A is not a left generating set for (G, *). In fact, the 
resulting graph GC(G, A, a) is disconnected; it equals (n - 1)/2&,, + C,, if rz is 
odd and (n/2)&” if IZ is even. This example shows that there are finite 
quasigroups with a generating set which is not a left generating set. 
Note that many graphs GC(G, A, a) with LY f 1 are also Cayley graphs on G. 
Namely, the following result holds. 
Proposition 3.6. Let e be an element of order two in some group G. Every 
generalized Cuyley graph GC(G, A, a), with CY: g H ege and e $ A, is isomorphic 
to a Cuyley graph on G. 
Proof. Let * be the operation defined by x * y = xey. Clearly, the map x wxe is 
an isomorphism for G, = (G, *) to G. Put B = eA. Since a(g-‘)f = eg-‘ef, we get 
cy(g-‘)f E A if and only if g-‘ef E B, that is, g-’ *f E B. Hence g Hg is an 
isomorphism from GC(G, A, (Y) to GC(G,, B, 1). Since G, is isomorphic to G, 
we are done. 0 
To conclude we would like to pose the following problem: Are there 
generalized Cayley graphs which are not Cayley graphs, but are vertex-transitive? 
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